The Feynman rules to be used with the effective action line and vertices are derived. It is argued that they are a natural extension of the ordinary Feynman rules (in terms of bare line and vertices) to the case of perturbing a non quadratic action. It is shown how the extended rules can be used to derive diagrammatic identities, to obtain low density expansions in manybody problems and to avoid double-counting of vacuum contributions when effective Lagrangians are used.
We will proceed by stating the problem and its solution, then some applications and finally the proof of our result.
In order to state the problem let us recall some ingredients of quantum many-body theory (see e.g. [1] ). Consider an arbitrary quantum many-body system described by variables φ i , that for simplicity in the presentation will be taken as bosonic. As will be clear below, everything can be generalized to include fermions. Without loss of generality we can use a single discrete index i to represent all the needed labels. For example, in a relativistic quantum field theory, i contains space-time, Lorentz and Dirac indices, flavor, kind of particle and so on. Using a functional integral formulation, the expectation values of observables can be brought to the following form 
For simplicity we will choose g ij = 0. It is often convenient to redefine φ i , or readjust the current g i , so that φ i vanishes. This ensures that g i = 0 and thus there are no tadpole subgraphs. In this case, the effective line s ij (the inverse of m ij ) is the full connected propagator and the effective vertices g i 1 ...in are minus the amputated 1-particle irreducible n-point Green's functions. Furthermore rules are to be used with the effective line and vertices. As will be proven below, the new Feynman rules coincide with the ordinary ones (in terms of bare line and vertices), including symmetry factors and so on, but removing the graphs that contain "unperturbed loops", i.e., loops constructed entirely from effective elements without any perturbative vertex δg i 1 ...in . This is the basic result of this paper. As a consistency check, we note that when δS vanishes only tree level graphs remain. On the other hand, when S[φ] is quadratic it coincides with its effective action and there are no unperturbed loops to begin with, so in this case our rules reduce to the ordinary ones. In this sense the rules given are a natural extension of the usual Feynman rules to the case when the perturbed action is not necessarily quadratic.
The applicability of these generalized Feynman rules is potentially quite wide. To give an example consider the Casimir effect. The physical effect of the conductors is to change the photon boundary conditions. This in turn corresponds to add a term to the free photon propagator [2] , i.e., to add a quadratic perturbation to the Lagrangian of quantum electrodynamics (QED). The advantage of this approach is that one can first write down rigorous relations (which are non perturbative from the point of view of QED), and in a second step the required QED propagators and vertex functions can be approximated (either perturbatively or by some other approach) in a way that is consistent with the experimentally known mass, charge and magnetic moment of the electron, for instance.
Here we will discuss two applications. The first one is the use of our expansion to establish diagrammatic identities quite straightforwardly. This point can be illustrated with an example. By definition,
Noting that changing the action to S[φ + ǫ] implies a similar change in the effective action, we can rewrite this equation as
where the self energy is defined as
. For a theory with a 3-point bare vertex, this corresponds to δg j = ǫ i (m ij + g ij ) and δg jk = ǫ i g ijk . δΣ ij can be computed using our rules. Since the self energy contains only 1-particle irreducible graphs, the 1-point vertex δg i does not contribute. On the hand δg ij can only appear in 0-or 1-loop graphs since further loops would have to be unperturbed. In summary, to first order in a quadratic perturbation the correction to the self energy is
and the corresponding graphs are shown in fig. 1 . After substituting the value of δg jk , the following identity is obtained
This identity is shown diagrammatically in fig. 2 using a customary "blob" notation for the full propagators and vertices. Let us take advantage of this example to make several remarks. First, in order to use our rules, all n-point effective vertices have to be considered in principle. In the example of fig. 1 , 3-and 4-point vertices were needed. Second, for any given order in each of the perturbation vertices δg i 1 ...in , there are only a finite number of graphs. Finally, graphs with unperturbed vertices are not to be included. Consider, e.g. the graph in fig. 3 . If the unperturbed loop is contracted to a point, this graph becomes the second graph in fig. 1 , therefore it is intuitively clear that it is redundant. The second application that we will discuss comes from avoiding double-counting in many-body calculations. Consider for instance the propagation of particles in nuclear matter. This is usually described by means of effective Lagrangians involving the nucleon field and other relevant degrees of freedom (mesons, resonances, photons, etc). These Lagrangians are adjusted to reproduce the experimental masses and coupling constants at tree level, although, of course, they have to be supplemented with form factors for the vertices, widths for the resonances, etc, to give a realistic description (see e.g. [3] ). Thus they are a phenomenological approximation to the effective action. The effect of a finite nuclear density is accounted for by means of a Pauli blocking correction to the vacuum nucleon propagator, namely,
where n( p) is Fermi sea occupation number and ǫ( p) is the nucleon kinetic energy. The use of an effective Lagrangian, instead of a more fundamental one, allows to perform calculations in terms of physical quantities and this makes the phenomenological interpretation more direct. The drawback is that double-counting of vacuum contributions has to be carefully avoided. This is obvious already in the simplest cases. Consider, for instance, the nucleon self energy (Feynman) graph depicted in fig. 4a . It gives a non vanishing contribution even at zero density. Such vacuum contribution is spurious since it is already accounted for in the physical mass of the nucleon. The standard procedure in this simple case is to subtract the zero density contribution to keep the true self energy. This is equivalent to drop G 0 (p) in the internal nucleon propagator and keep only the Pauli blocking correction δG(p). In more complicated cases simple overall subtraction does not suffice, as it is well-known from renormalization theory; there can be similar spurious contributions in subgraphs even if the graph vanish at zero density. An example is shown in the photon self energy graph of fig. 4b . The vertex corrections subgraphs contain a purely vacuum contribution that is already accounted for in the γNN form factors. Although such contributions vanish if the exchanged pion is static, they do not in general [4] . To apply the rules proposed here, we can consider the vacuum theory as the unperturbed one and the Pauli blocking correction as a 2-point perturbation. The spurious contributions are avoided by not allowing vacuum loops in the graphs. That is, for each standard graph consider all the graphs obtained by substituting G(p) by either G 0 (p) or δG(p) and drop all graphs with any purely vacuum loop. We emphasize that strictly speaking the full propagator and the full proper vertices (of the vacuum theory) have to be used to construct the graphs. In each particular application it is to be decided whether a certain effective Lagrangian (plus form factors, widths, etc) is a sufficiently good approximation to the effective action.
In any case, our rules define a systematic density expansion [5] and in particular, this allows to derive low density theorems. For instance, consider the relation in eq. (2), when the labels i, j refer to pions and the 2-point perturbation is the Pauli blocking correction. Thus, the labels a, b, k, ℓ (corresponding to the dotted internal lines in fig. 1 ) are nucleons and n, r are arbitrary baryons (B). As the density goes to zero, the second and third terms are the leading contributions to the pion self energy; the first term vanishes if i, j are pions and all other graphs (not drawn) are of higher order in the density. The πNB and ππNN proper vertices in these two graphs combine to yield the πN T -matrix, as is clear by cutting and opening the corresponding graphs by the full dots. (Note that the Pauli blocking correction always places the nucleons on mass-shell.) We thus arrive at the following known theorem [5, 6] : at low density the pion optical potential in nuclear matter is given by the nuclear density times the πN forward scattering amplitude. This result holds independently of the detailed pion-nucleon interaction and in the presence of other particles as well.
To prove our rules it will be convenient to change the notation and call S 0 [φ] the unperturbed action and Γ 0 [φ] its effective action. The Green's functions generating functional of the perturbed system is
where Jφ stands for J i φ i . By definition of the effective action,
, we have (up to a constant factor)
whereh is merely a bookkeeping parameter here. Theh-th power above can be produced by means of the replica method [1] . Introducingh replicas,
On the other hand, from the identity e Jφ dφ = δ[J] (up to a constant) the reciprocal relation follows
Substitution of eqs. (5) and (6) in (4) gives
Finally, the integration over J 0 and φ is immediate and yields the sought expression of Z[J] in terms of Γ 0 and δS,
Except for the presence of replicas and explicith factors, this expression has the same form as that in eq. (4) and hence it yields the same standard Feynman rules but with effective lines and vertices. Let us now show that each graph carries a factorh L 0 , L 0 being the number of unperturbed loops. To show this, let us associate to each Feynman graph (constructed with Γ 0 and δS) an unperturbed graph (constructed with Γ 0 only) obtained by removing all the the δS vertices. Algebraically this means to delete the δg i 1 ...in factors so that the involved indices become external indices. Graphically this is illustrated by an example in fig. 5 . Furthermore, for each (perturbed) graph let P be the total number of lines, E the number of external legs (or more precisely ends), L the number of loops, and C the number of connected subgraphs, and likewise P 0 , E 0 , L 0 and C 0 respectively for the unperturbed graph.
Also, let V 0 n and δV n be number of n-point vertices of the type Γ 0 and δS respectively. Note that the two definitions of L 0 coincide, i.e., the number of unperturbed loops of a graph equals the number of loops of the associated unperturbed graph. Let us first count the number ofh factors in a graph coming from the explicith in eq. (7) . Clearly this number is N 0 = P − n≥1 V 0 n − E − n≥1 nδV n . Noting that P = P 0 and E + n≥1 nδV n = E 0 , we also have N 0 = P 0 − n≥1 V 0 n − E 0 . Since all quantities refer to the unperturbed graph, we can now apply a well-known diagrammatic identity [7] , namely, N 0 = L 0 − C 0 . So from the explicith the graph picks up a factorh L 0 −C 0 . Let us turn now to theh coming from the number of replicas. Because all the replicas are identical the corresponding number ofh factors will coincide with the number of different replica labels appearing in a graph. From eq. (7) it is clear that all lines connected through Γ 0 vertices will have the same replica label. On the other hand the coupling through δS vertices does not impose any conservation of the replica label. Thus the number of different replica labels in the graph coincides with C 0 , i.e. the number of connected subgraphs of the associated unperturbed graph. For instance, three in the example of fig. 5 . Combining this result with the one obtained previously we find that the totalh dependence ish L 0 . As a consequence all graphs with unperturbed loops are removed by taking the limith → 0. This establishes the result. Note that it does not require the absence of tadpole subgraphs. It is also clear that the manipulations that lead to eq. (7) can be carried out in the presence of fermions. 
